In this short note, we try to clarify a seemly trivial but often confusing question in relating a higher-dimensional physical gravitational constant to its lower-dimensional correspondence in Kaluza-Klein reduction. In particular, we re-derive the low-energy M-theory gravitational constant in terms of type IIA string coupling g s and constant α ′ through the metric relation between the two theories.
The proper determination of eleven dimensional M-theory gravitational constant (therefore, the eleven-dimensional Planck constant), in terms of type IIA string coupling g s and constant α ′ , is important, for example, for the BFSS matrix proposal of M-theory [1] . It is also important for whether brane modes can possibly decouple from bulk gravity modes [2] [3] [4] in the so-called decoupling limit. Given the string constant α ′ ( therefore the units in type IIA string theory) and the relationship between 11-D M-theory and type IIA string theory, the 11-D M-theory physical gravitational constant as well as the units for M-theory are also
given. We therefore expect a precise expression for the M-theory gravitational constant in terms of type IIA string coupling g s and constant α ′ . However, there exist no unique answers in the literature for this constant. We try to clarify, in this short note, possible confusion about the derivations of this constant.
Let us begin with a general discussion in relating a higher-dimensional physical gravitational constant to its lower-dimensional correspondence in dimension redection. We start with the following gravity action in dimension D Now we wish to compactify the above action to dimension d (< D). For our purpose, we need to consider only the massless graviton whose effective action is
In obtaining the above action from Eq. (0.1), we made the split for the higher-dimensional 
We often say that the above equation, relating the higher-dimensional physical gravitational constant to its lower-dimensional correspondence through the physical volume measured with respect to the lower-dimensional metric, is independent of the actual metric relation between the higher-dimensional and the lower-dimensional theories. This is true indeed.
However, what is often ignored in practice is the implicit assumption used in deriving
Eq. (0.3) that we choose the asymptotic metric (i.e., the underlying vacuum) for the higherdimensional theory to be same as that for the compactified lower-dimensional theory 4 . Only in this case, we can take the constantκ 2 in front of the respective action as the physical gravitational constant 5 . In general, however, the asymptotic metrics for both the higher-dimensional theory and the compactified lower-dimensional theory are not necessarily the same because the scalars due to the compactification develop VEV 6 . If this happens, we cannot take bothκ The ignorance of this fact is often the source of confusion in the literature. For example, the low-energy M-theory physical gravitational constant has been given correctly in [1, 7] as 2κ
′9/2 in terms of type IIA string coupling g s and constant α ′ . But this constant has also been given incorrectly in the literature precisely becauseκ is mistaken as κ.
In the remainder of this note, I will focus, as an example, on the reduction of 11-dimensional low-energy M-theory on a circle S 1 to give the low energy theory of type IIA string. The 11-D M-theory metric is related to the type IIA string metric as
where φ is the dilaton in type IIA string theory, 11-th coordinate x 11 has a period 2πr with the coordinate radius r. In the above we have dropped the KK vector field A µ . For our purpose, A µ is irrelevant. We take type IIA string metric ds 2 10 as asympotically Minkowski since that is where we quantize the perturbative type IIA string. That is the metric used 6 Of course, one can always define both of the higher-dimensional metric and the lower-dimensional one to be same asymptotically by absorbing the possible constant factor due to the VEV of scalars into theκ 2 in front of the action. For the higher-dimensional theory, the compactified coordinates y i have to be rescaled properly with respect to the lower-dimensional metric, see the example given later in relating M-theory to type IIA string. Then the resulting κ 2 is the physical one. This is what Maldacena did in [5] for obtaining masses properly for BPS states in string theory using U-duality. 7 Polchinski in [6] chose both the units and metric for M-theory the same as those for string theory.
By definition, his κ 2 11 and the compactified radius are both physical, not the usualκ 2 11 and the coordiante radius r. We intend to determine the relation between κ 11 andκ 11 and the relation between r and ρ unambiguously. To my knowledge, no explicit derivations for these two relations have been given in the literature. We dare to present them here.
For our purpose, we need to consider only the asymptotic metric relation in Eq. (0.4),
i.e., 
where we have used the first line in Eq. (0.9), or we have In summary, we explain how to obtain the physical gravitational constant for the original higher dimensional theory if we know the physical gravitational constant in the compactified lower-dimensional theory. In particular, we derive the relation κ 11 and determine the radius r = α ′1/2 (orr = g s α ′1/2 ) unambiguously.
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